Abstract. Let (M, g) be a pseudo-Riemannian manifold of signature (p, q). We construct mutually quasi-inverse equivalences between the groupoid of bundles of weakly-faithful complex Clifford modules on (M, g) and the groupoid of reduced complex Lipschitz structures on (M, g). As an application, we show that (M, g) admits a bundle of irreducible complex Clifford modules if and only if it admits either a Spin c (p, q) structure (when p + q is odd) or a Pin c (p, q) structure (when p + q is even). When p − q ≡ 8 3, 4, 6, 7, we compare with the classification of bundles of irreducible real Clifford modules which we obtained in previous work. The results obtained in this note form a counterpart of the classification of bundles of faithful complex Clifford modules which was previously given by T.
Introduction
In reference [1] , T. Friedrich and A. Trautman classified bundles of faithful complex Clifford modules over a connected pseudo-Riemannian manifold (M, g) in terms of complex Lipschitz structures (see also [2] ). In this note, we establish a general equivalence of categories between the groupoid of weakly-faithful 1 complex Clifford modules over a connected pseudo-Riemannian manifold of arbitrary signature (p, q) and the groupoid of complex Lipschitz structures associated to the corresponding fiberwise representation. This equivalence, which we give in Proposition 5.17 and Theorem 5.19, clarifies and extends the correspondence given in [1, Sec. 5, Theorems 2 and 3] between bundles of faithful complex Clifford modules and the corresponding complex Lipschitz structures.
The fibers of a bundle S of irreducible complex Clifford modules are faithful iff the dimension d = p + q of M is even (in which case they are "Dirac representations" in the language of [1] ). In this case, the results of [1] imply that the corresponding complex Lipschitz structure is homotopyequivalent with a Pin c (p, q) structure. When d is odd, the fibers of a bundle S of irreducible complex Clifford modules are weakly-faithful but not faithful (they are "Pauli representations" in the language of [1, 2] ). In this case, we show that the corresponding complex Lipschitz structure is homotopy-equivalent with a Spin c (p, q) structure. In particular, this shows that an odd-dimensional pseudo-Riemannian manifold admits a bundle of irreducible complex Clifford modules if and only if it admits a Spin c (p, q) structure, in which case any such bundle is associated to the appropriate = (R p+q , h p,q ), where h p,q : R p+q × R p+q → R is the standard symmetric bilinear form of signature (p, q). The objects of this skeleton form a countable set indexed by the pairs (p, q) ∈ Z ≥0 × Z ≥0 . Accordingly, the category Cl R admits a skeleton whose objects are given by the real Clifford algebras = (R p,q , h p,q ), while Cl C admits a skeleton whose objects are given by the complex Clifford algebras Cl p,q def.
= Cl(R p,q , h p,q ) = Cl p,q ⊗ R C.
Remark 2.1. A morphism ψ : Cl(V, h) → Cl(V ′ , h ′ ) in the category Cl C is a morphism of unital associative algebras which satisfies ψ(V ) ⊂ V ′ and hence is necessarily of the form ψ = Cl(ϕ 0 ) for a uniquely-determined isometry ϕ 0 : (V, h) → (V ′ , h ′ ), given by ϕ 0 def.
= ψ| V . Notice that Cl C does not contain any isomorphism between complexified Clifford algebras associated to quadratic real vector spaces of different signatures.
2.2.
The complex Clifford group. Let (V, h) be a quadratic real vector space. Let π be the parity involution of Cl(V, h), τ be the reversion anti-automorphism andτ def.
= τ • π be the twisted reversion. Let π C be automorphism of Cl(V, h) given by the C-linear extension of π and τ C be the antilinear extension of τ :
Finally, letτ C def.
× be the group of invertible elements of the algebra Cl(V, h) and Ad : Cl(V, h) × → Aut C (Cl(V, h)) be the twisted adjoint action:
Ad(x)(y) = π(x)yx
Recall that the twisted norm of Cl(V, h) is the map N : Cl(V, h) → Cl(V, h) given by:
def.
=τ C (x)x , ∀ x ∈ Cl(V, h) .
Also recall the following (see [4] ):
Definition 2.2. The complex Clifford group is the subgroup of Cl(V, h) × defined through:
The complex special Clifford group is the subgroup consisting of all even elements of Γ(V, h):
where Cl + (V, h) denotes the "even subalgebra" of Cl(V, h).
The twisted norm restricts to a group morphism N : Γ(V, h) → C × .
Remark 2.3. We have Γ(V, h) ⊂ G(V, h), where:
is the ordinary Clifford group of (V C , h C ). Moreover, an element x of G(V, h) belongs to Γ(V, h) if and only if the orthogonal transformation Ad(x) ∈ O(V C , h C ) preserves the real subspace V ⊂ V C . Equivalently, if c : V C → V C is the real structure (antilinear involution) on V C with real subspace (subspace of fixed points) V ⊂ V C , then an element x of G(V, h) belongs to Γ(V, h) if and only if c • Ad(x) = Ad(x) • c. In contrast with G(V, h), the complex Clifford group Γ(V, h) depends on the signature of the real quadratic space (V, h).
Finally, recall that the groups Pin c (V, h) and Spin c (V, h) are defined as follows [4, 5] :
Proposition 2.4. One has short exact sequences:
Moreover Γ(V, h) is homotopy-equivalent with Pin c (V, h) and Γ s (V, h) is homotopy-equivalent with Spin c (V, h).
Proof. Exactness of both sequences is obvious. The map:
is a homotopy retraction of Γ(V, h) onto Pin c (V, h). The proof for Spin c (V, h) is similar, the corresponding homotopy retraction being given by r| Γ s (V,h) . Notice the relation:
The following theorem summarizes the key properties of
Theorem 2.5.
[4] There exist short exact sequences:
where U(1) is the subgroup of Cl(V, h) × consisting of elements of the form 1 ⊗ z with |z| = 1. Likewise, one has short exact sequences:
Moreover, there exist canonical isomorphisms of groups:
Complex Clifford representations and complex Lipschitz groups
Let (V, h) be a real quadratic space.
, where S is a finite-dimensional vector space over C.
A complex Clifford representation γ endows S with the structure of (unital) left module over Cl(V, h), while the multiplication of vectors with complex scalars endows S with a compatible structure of (unital) finite rank (and necessarily free) right module over the field of complex numbers. Conversely, any such bimodule (which we shall call a complex Clifford module) can be viewed as a complex Clifford representation.
Extending γ by complex linearity gives a unital morphism of associative C-algebras:
Conversely, every unital morphism of associative C-algebras from Cl(V, h) to End C (S) restricts to a complex representation of Cl(V, h). Any complex Clifford representation γ : Cl(V, h) → End C (S) also induces a real Clifford representation γ R : Cl(V, h) → End R (S R ) on the realification S R of S (defined as the underlying real vector space of S), which is an R-vector space of dimension dim R S R = 2 dim C S.
Unbased morphisms of complex Clifford representations. Let
A morphism of complex Clifford representations from γ to γ ′ is a pair (ϕ 0 , ϕ) such that:
A morphism of complex Clifford representations is called based if V ′ = V and ϕ 0 = id V . A (not necessarily based) isomorphism of complex Clifford representations from γ to itself is called an automorphism of γ.
In our language, a morphism of complex representations in the traditional sense corresponds to a based morphism. Since Cl(V, h) is generated by V and Cl(V ′ , h ′ ) is generated by V ′ while the morphism Cl(ϕ 0 ) is R-linear, condition 3. in Definition 3.2 is equivalent with:
which can also be written as:
where
With morphisms defined as above, complex Clifford representations form a category denoted ClRep, were compatible morphisms (ϕ 0 , ϕ) and (ϕ
The functor Π : ClRep → Cl R which takes γ into Cl(V, h) and (ϕ 0 , ϕ) into Cl(ϕ 0 ) is a fibration whose fiber above Cl(V, h) is the usual category Rep C (Cl(V, h)) of complex representations of Cl(V, h) (whose morphisms are the based morphisms of complex representations). Isomorphisms in Rep C (Cl(V, h)) are the usual equivalences of complex representations. Hence equivalences of complex representations of real Clifford algebras coincide with based isomorphisms of ClRep; in particular, any isomorphism class of complex Clifford representations in the category ClRep decomposes as a disjoint union of equivalence classes. A morphism (ϕ 0 , ϕ) is an isomorphism in ClRep if and only if both ϕ 0 and ϕ are bijective.
for all A ∈ End C (S).
Proof. When (ϕ 0 , ϕ) is an isomorphism, condition 3. in Definition 3.2 becomes:
being equivalent with the condition γ 
Remark 3.5. Notice that γ| V = γ C | V and that any faithful complex Clifford representation is weaklyfaithful.
Let ClRep w denote the full sub-category of ClRep whose objects are the weakly-faithful complex Clifford representations and let ClRep × w denote the corresponding unit groupoid. When γ and γ ′ are weakly-faithful and (ϕ 0 , ϕ) : γ → γ ′ is an isomorphism of Clifford representations, Proposition 3.3 shows that ϕ 0 is uniquely determined by ϕ through the relation:
It is easy to see that the converse also holds, so we have:
Proposition 3.6. Assume that γ and γ ′ are weakly-faithful. Then any isomorphism
In view of this, we denote isomorphisms of weakly-faithful complex Clifford representations only by ϕ (since ϕ determines ϕ 0 in this case). From the previous proposition, we obtain:
can be identified with the following subset of the set Iso C (S, S ′ ) of linear isomorphisms from S to S ′ :
Complex Lipschitz groups.
When γ is weakly-faithful, we can identify V with its image W def.
= γ(V ) inside End C (S). Equip W with the bilinear form µ induced by γ from (V, h), so that (W, µ) is a real quadratic space isometric with (V, h). 
Notice that L γ consists of C-linear transformations of S. Definition 3.9. Given a weakly-faithful complex Clifford representation γ ∈ Ob(ClRep w ), we define the adjoint representation Ad γ :
The following proposition partially characterizes the image of the adjoint representation Ad γ and in particular shows that Ad γ is well-defined.
Proposition 3.10. Let γ : Cl(V, h) → End C (S) be a weakly-faithful complex Clifford representation and w be an element of the space W = γ(V ). Then w is an element of L γ and Ad γ (w) = −R w0 , where R w0 denotes the orthogonal reflection of (V, h) with respect to the hyperplane orthogonal to the vector w 0 def.
Proof. Explicit computation shows that:
) depends on the details of the particular weakly-faithful representation γ under consideration. We will see for instance in
The following Proposition follows form Corollary 3.7, but we give a direct proof because of its importance later.
Proposition 3.12. Let γ be a weakly-faithful complex Clifford representation. Then the Lipschitz group L γ is canonically isomorphic with the automorphism group Aut ClRep w (γ) of γ in the category ClRep w of weakly faithful complex Clifford representations. In particular, the isomorphism class of the group L γ depends only on the isomorphism class of γ in that category.
Proof. Any ϕ ∈ L γ induces an invertible isometry ϕ 0 ∈ O(V, h) through relation (3), namely:
which implies:
Thus (ϕ 0 , ϕ) is the unique automorphism of γ in the category ClRep w whose second component equals ϕ. Conversely, we have ϕ ∈ L γ for any (ϕ 0 , ϕ) ∈ Aut ClRep w (γ) (see Proposition 3.3) and ϕ 0 is determined by ϕ through relation (4) (see Proposition 3.6). Hence the map F :
= ϕ is an isomorphism of groups which allows us to identify L γ with Aut ClRep (γ). Let (V, h) be a real quadratic space of signature (p, q) and dimension d = p + q. When d is even, all irreducible complex Clifford representation γ : Cl(V, h) → End C (S) are mutually Cequivalent and faithful (these are called Dirac representations in [1] ). When d is odd, there exist up to C-equivalence exactly two complex Clifford representations γ : Cl(V, h) → End C (S), none of which is faithful (these are called Pauli representations in op. cit.). As we shall see below, both of these representations are weakly-faithful. Moreover, they are unbasedly isomorphic in the category ClRep w . In particular, the category ClRep w contains a single unbased isomorphism class of irreducible complex Clifford representations of any given quadratic space (V, h) (and this isomorphism class is uniquely determined by the dimension and signature of (V, h)). 
Elementary complex Lipschitz groups
, which is homotopyequivalent with Pin c (V, h).
The case when
2 . Up to C-equivalence, there exist two such representations γ + and γ − (called "Pauli representations" in [1] ), which can be described as follows. Since d is odd, the Clifford volume element ν ∈ Cl(V, h) determined by some fixed orientation of V is central in Cl(V, h) and satisfies ν 2 = σ p,q def.
= (−1)
. Since Cl(V, h) is generated by V over C, the real volume element is also central in Cl(V, h), where it can be rescaled to a complex volume element = λν ∈ Cl(V, h), where λ is one of the two complex square roots of σ p,q . The complex volume element is central in Cl(V, h) and satisfies ν 2 C = 1. Since ν C is central and squares to +1, we can decompose Cl(V, h) as a direct sum of two-sided ideals:
which are unital C algebras of dimension 2 d−1 , with units given respectively by 
Restricting γ ± C gives unital isomorphisms of C-algebras:
We have Cl(V, h) = Cl(V, h)⊕iCl(V, h), where i denotes the imaginary unit. The irreducible complex representations γ ± are now obtained by restricting γ Proof. The restriction
for any vector x ∈ V . Relation (5) shows that one can have ker γ ± C ∩ V = 0 only when d = 2, which is disallowed since d is odd. This shows that we must have ker γ ± C ∩ V = 0, which implies ker γ ± ∩ V = 0. This shows that γ ± are weakly-faithful. It is well-known that γ − = γ + •π, where π is the parity involution of Cl(V, h). Since π = Cl(−id V ) is the automorphism of Cl(V, h) which is induced by minus the identity map of V (which is an isometry of V ), it follows that γ + and γ − are isomorphic in the category ClRep w , being related by the involutive unbased isomorphism:
Proof. It is obvious that γ ± C restricts to a unital morphism of algebras from Cl + (V, h) to End C (S). The equation x ν C = ǫ x has no solutions in Cl + (V, h) because the left-hand side is odd while the right-hand side is even; this shows that γ
and L γ . In particular, the elementary complex Lipschitz group L γ is homotopy-equivalent with Spin c (V, h).
Proof. From Lemma 4.4 we have a unital isomorphism of algebras
In turn, this further restricts to an isomorphism of groups:
Since for odd d and complex irreducible γ the kernel of Ad γ is given by the complex multiples of the identity, the previous proposition gives the short exact sequence:
Remark 4.6. For odd d, reference [1] determines the non-elementary complex Lipschitz group of the faithful but reducible complex Cartan representation of Cl(V, h). As shown in [1] , that complex Lipschitz group is isomorphic with
where the semidirect product in the numerator is determined explicitly in op. cit.
4.3.
Realification of Clifford representations. Let (V, h) be a real quadratic space of signature (p, q) and dimension d = p + q. For K ∈ {R, C}, let Rep K (Cl(V, h)) denote the ordinary category of K-linear representations of Cl(V, h) (whose morphisms are the based morphisms of representations). Let Rep w K (Cl(V, h)) denote the full sub-category of Rep K (Cl(V, h)) whose objects are the weaklyfaithful representations. Given a complex Clifford representation γ : Cl(V, h) → End C (S), let S R be the underlying real vector space of S and γ R : Cl(V, h) → End R (S R ) be the realification of γ, i.e. the real Clifford representation obtained from γ by forgetting the complex structure of S. Given two complex Clifford representations γ i : Cl(V i , h i ) → End C (S i ) (with i = 1, 2) and a based morphism of complex representations ϕ : γ 1 → γ 2 , let ϕ R : γ 1R → γ 2R be the based morphism of real representations obtained by forgetting the complex structures of S 1 and S 2 .
and a based morphism ϕ : γ 1 → γ 2 of complex representations to the based morphism of real representations R(ϕ)
It is clear that R is faithful and that it maps Rep
Proof. Distinguish the cases: Comparing with Table 4 of [6, Sec. 2.4], we see that γ R is irreducible iff p − q ≡ 9 4, 6 (which corresponds to the "quaternionic simple case" of op. cit.).
When d is even. Then γ is a Dirac representation and we have
2. When d is odd. Then we can take γ to be one of the Pauli representations γ ± , both of which Comparing with Table 4 of [6, Sec. 2.4], we see that γ R is irreducible iff p − q ≡ 9 3, 7 (which corresponds to the "complex case" of op. cit.).
Let Irrep K (Cl(V, h) 
of the realification functor is faithful and strictly surjective but not full. Moreover: 1. When p − q ≡ 8 3, 7, the R-preimage of a real irreducible representation η : Cl(V, h) → End R (Σ) has cardinality two and consists of the C-inequivalent complex Pauli representations of Cl(V, h) whose representation space is obtained by endowing Σ with the complex structures J ± = ±γ(ν), where ν is the Clifford volume form determined by some orientation of V . 2. When p − q ≡ 8 4, 6, the R-preimage of a real irreducible representation η :
is in bijection with the unit sphere S 2 and consists of the complex Dirac representations whose complex structures are the unit imaginary elements of the commutant of im(η) (which in these cases is a quaternion algebra).
Proof. The fact that R is faithful follows immediately from its definition. For the remaining statements, consider the cases: 1. p − q ≡ 8 3, 7. In this case, there exist exactly two complex structures J ± on the R-vector space Σ which lie in the commutant of im(η) (see [6, Section 2.7] ). Namely, one has J ± = ±γ(ν), where ν ∈ Cl(V, h) is the Clifford element defined by a fixed orientation of V . Since J ± commute with η(x) for all x ∈ Cl(V, h), it follows that η coincides with the realification of any of the complex representations γ ± : Cl(V, h) → End C (S ± ) obtained from η by endowing Σ with the complex structure J ± to obtain a complex vector space S ± . Notice that S − coincides with the complex-conjugate of S + , hence γ + and γ − are mutually inequivalent Pauli representations (the dimension d = p + q of V is odd when p − q ≡ 8 3, 7). We have Σ = (S ± ) R and η = (γ ± ) R , which shows that the restriction of R is (strictly) surjective. Moreover, the R-preimage of η consists of the two complex representations γ + and γ − .
Let = ±γ ′ (ν). Given a based isomorphism (equivalence of representations) ψ : η ∼ → η ′ , we have ψ ∈ Hom R (Σ, Σ ′ ) and:
Since J ± lies in the commutant of im(η), this relation implies that the complex structure ψ
where: Iso
It is clear from the above that:
In particular, each of the sets Iso
is non-empty and relation (6) shows that R is not full. 2. p − q ≡ 8 4, 6. In this case, the commutant of im(η) inside the R-algebra End R (Σ) (which is called the Schur algebra of η) is a unital associative algebra isomorphic with the algebra H of quaternions. The set of those complex structures on Σ which lie in the commutant of im(γ) corresponds to the unit imaginary quaternions, being in bijection with the unit two-sphere S 2 .
It is clear that η coincides with the realification of any of the complex Dirac representations obtained from η by endowing Σ with one of these complex structures. This immediately implies that R is not full.
Comparison of complex and real elementary
Unlike Spin c (V, h), the reduced elementary real Lipschitz group Spin o (V, h) also contains R-linear endomorphisms of S which are C-antilinear; these form the odd component of Spin o (V, h). For p − q ≡ 8 4, 6, the elementary complex Lipschitz group of an irreducible complex Clifford representation γ is homotopy-equivalent to Pin c (V, h), while the reduced elementary real Lipschitz group associated to γ R is homotopy-equivalent to Pin q (V, h) [3] . Definition 5.1. Let M be a connected manifold and P O be a principal O(V, h)-bundle over M . A complex Lipschitz structure of type η on P O is a pair (Q, Λ), where Q is a principal L η -bundle over M and Λ : Q → P O is a bundle map fitting into the following commutative diagram:
where the horizontal arrows denote the right action of the group on the corresponding bundle.
.e. such that the following diagram commutes:
) be a connected pseudo-Riemannian manifold. In the following we take P O to be the orthogonal coframe bundle P O (M, g) of (M, g), so (V, h) is an isometric model of any of the quadratic
, where p is a point of M and g * p is the contragradient metric induced by g on T * p M . A complex Lipschitz structure on P O (M, g) be called a complex Lipschitz structure on (M, g). 
η is a retraction, the Lie group K η def.
= ker r = r −1 (1) is contractible (indeed, the restriction r| Kη : K η → 1 is a homotopy retraction). × . The right-split short exact sequence of groups:
induces mutually inverse isomorphisms in cohomology:
where we used the fact that K η is contractible. This shows that r * and ι * give inverse bijections between the sets of isomorphism classes of principal L η -bundles and principal L 0 η -bundles defined on M . The maps r * and ι * are induced by the associated fiber bundle construction, which gives mutually quasi-inverse functors between the corresponding categories of principal bundles. Below, we show that these functors in turn induce mutually quasi-inverse equivalences between the categories L η (M, g) and L g) ) and R : Q → Q 0 is a surjective fiber bundle map such that the following conditions are satisfied:
The following diagram commutes:
1. R(qu) = R(q)r(u) for all q ∈ Q and all u ∈ L η . 2. The following diagram commutes:
along r, the map R makes Q into a principal fiber bundle over Q 0 with structure group K η = ker r. This principal bundle is trivial since K η is contractible (which implies that the bundle has a section).
• For any morphism
η -reduction of (Q, Λ), where the injective fiber bundle map I : Q 0 → Q is given by:
Moreover, the surjective map π : Q → Q 0 defined through:
η . Any element q ∈ Q can be written as q = [q 0 , x] ι , where x ∈ ker r and q 0 := π 0 (q) ∈ Q 0 are uniquely determined by q. Indeed, any u ∈ L η can be written uniquely as u = u 0 x with u 0 ∈ L 0 η and x ∈ K η = ker r, namely u 0 = r(u) and x = u −1 0 u. The map π is well-defined since:
where we used the fact that r| L 0 η = id L 0 η and that fact that r is a morphism of groups. We have π −1 (q 0 ) = {[q 0 , x] ι |x ∈ K η } and π(qu) = π(q)r(u) for all q ∈ Q and u ∈ L η . Moreover, we have:
where we used the relation Ad η • r = Ad η . This shows that (Q 0 , Λ 0 , π) is an L 0 η -retraction of (Q, Λ) along r. It is clear that we have π • I = id Q0 .
η -retraction of (Q, Λ) along r, where the surjective fiber bundle map R : Q → Q 0 is given by:
Moreover, there exists an injective fiber bundle map j :
To see that Λ 0 is well-defined, note that for all u ∈ L η we have:
where we used the relation Ad η • r = Ad η . The fact that F 0 is well-defined follows from direct computation by using the equivariance of F . To show that R is an L 0 η -retraction of (Q, Λ) along r, we compute:
η is surjective, any q 0 ∈ Q 0 can be written in the form q 0 = [q, 1] r , where q ∈ Q is determined by q 0 up to a transformation of the form q → qx, where x ∈ ker r. Hence R −1 (q) is a ker r-torsor and the map R : Q → Q 0 presents Q as a principal ker r-bundle over Q 0 . Hence the structure group of the principal bundle R : Q → Q 0 is contractible, which implies that this principal bundle is trivial and thus has a section. We claim that we can find a section j :
is a morphism of groups which defines a smooth left action of the Lie group L η on the underlying manifold of K η . Consider the fiber bundle defined through T def.
Since K η is contractible, the fiber bundle T admits a section s ∈ Γ(M, T ). This section corresponds to a map σ :
Let j : Q 0 → Q be the map defined through:
η . Then (9) implies that j is well-defined, since for all u ∈ L η we have:
Moreover, we have:
where we used the fact that σ(q) −1 ∈ K η = ker r and the identity
Theorem 5.12. The functors I and R give mutually quasi inverse equivalences between the categories L 0 η (M, g) and L η (M, g). Proof. Composition of I and R gives functors:
We will construct isomorphisms of functors:
1. Construction of N . Let (Q, Λ) be a complex Lipschitz structure of type η and set
η -reduction of (Q, Λ) (see Proposition 5.11). For every q ∈ Q, let x q be the unique element of L η such that q = j(R(q))x q . For any u ∈ L η , direct computation using L 0 η -equivariance of j shows that x qu = r(u) −1 x q u. Applying R to the relation q = j(R(q))x q gives:
where we used the identity R • j = id Q0 . Since the action of L η on Q is free, relation (11) gives
= (I • R)(Q, Λ) = I(Q 0 , Λ 0 ) and consider the bijective fiber bundle map:
For any u ∈ L η , we have:
Hence N Q,Λ is an isomorphism of principal L η -bundles. Moreover, we have:
where we used the fact that
, it is easy to see that the following diagram commutes:
showing that N is a natural transformation. g) is a pair (S, γ) , where S is a complex vector bundle over M and γ : Cl(M, g) → End C (S) is a unital morphism of bundles of algebras such that
Construction of K. For any
for any p ∈ M . We say that (S, γ) is of type η if, for every p ∈ M , the complex Clifford representations η and γ p are (unbasedly) isomorphic. We say that (S, γ) is elementary if its type is an irreducible complex Clifford representation.
Remark 5.14. A complex pinor bundle is the same as a bundle of complex Clifford modules defined on (M, g). We use the name "pinor" (rather than "spinor") in order to distinguish such bundles from bundles of modules defined over the even sub-bundle of the Clifford bundle. Notice that the type η of a complex pinor bundle (S, γ) is well-defined up to (unbased) isomorphism of complex Clifford representations.
Definition 5.15. A based morphism of complex pinor bundles
′ of complex vector bundles such that:
i.e. such that the fiber map
Since M is connected by assumption, all quadratic spaces (T * p M, g * p ) are mutually isometric and isometric to some model quadratic space (V, h). Similarly, all fibers of S are isomorphic as C-vector spaces and hence isomorphic with some model vector space Σ. Using a common trivializing cover of T M and S, this implies that the complex Clifford representations γ p : Cl(T * p M, g * p ) → End C (S p ) (p ∈ M ) are mutually isomorphic in the category ClRep w and hence isomorphic with some model weakly-faithful representation η : Cl(V, h) → End C (Σ), which defines the type of (S, γ). The isomorphism class of η in the category ClRep w is invariant under isomorphism of complex pinor bundles.
Definition 5.16. Let ClB η (M, g) be the category whose objects are complex pinor bundles of type η and whose arrows are based morphisms of complex pinor bundles. We denote by ClB η (M, g) × the corresponding groupoid. 
A. Let (S, γ) denote a complex pinor bundle of type η on (M, g). Let Q := Q η (S, γ) denote the principal bundle with structure group L := L η = Aut ClRep (η), total space:
We topologize Q in the obvious way. Let Λ def.
) be the map defined through:
Then, (Q, Λ) is a Lipschitz structure on (M, g) relative to η, which we call the Lipschitz structure induced by (S, γ). A based isomorphism of complex pinor bundles
) of complex Lipschitz structures relative to η, which is defined as follows (recall that
B. Let (Q, Λ) denote a complex Lipschitz structure of type η on (M, g). Then, the vector bundle
= Q × ρη Σ associated to Q through the complex tautological representation ρ η : L → Aut C (Σ) of L becomes a complex pinor bundle of type η when equipped with the Clifford structure morphism γ def.
= γ(Q, Λ) : Cl(M, g) → End C (S) defined as follows:
, for all q ∈ Q p and s ∈ Σ. We call the pair S η (Q, Λ) = (S, γ) thus constructed the complex pinor bundle defined by the Lipschitz structure (Q, Λ). An isomorphism of complex Lipschitz structures
) defined as follows:
Proof. The fact that (12) is Ad η -equivariant follows from the relation (q
for all ϕ ∈ L, which implies that the following equation holds:
This in turn implies that (Q, Λ) is an elementary complex Lipschitz structure of type η. It remains to show that (13) is well-defined. In order to do this, notice that Ad(ϕ)
and Ad(ϕ −1 ) = Ad(ϕ) −1 ):
Using relation (15), this gives:
Thus:
where in the last equality we used (16). This shows that (13) is well-defined. The fact that γ p defined in (13) is a Clifford representation is clear, as is the fact that P η and S η define functors.
Remark 5.18. The same construction used above for S η allows us to define a functor S
) which associates a complex pinor bundle to any reduced complex Lipschitz structure.
The following theorem establishes an equivalence between complex pinor bundles and complex complex Lipschitz structures defined over (M, g). Proof. The proof is analogous to that of [3, Theorem 6 .2], so we leave it to the reader. = [I(q 0 ), s] ρ ∀q 0 ∈ Q 0 ∀s ∈ Σ . It is clear that F is well-defined. To show that it is an isomorphism of vector bundles, let p be any point in M . Since the fiber Q p of Q at p is an L η -torsor, it follows that for every q ∈ Q p there exists q
This shows that the the linear map F p : S 0 p → S p is surjective and hence bijective (since dim C S 0p = rk C S 0 = rk C S = dim C S p ). Thus F is an isomorphism of vector bundles. For any x ∈ Cl(T * p M, g * p ), any q 0 ∈ Q 0 p and any s ∈ Σ, we have:
where we used the relation Λ•I = Λ 0 . This shows that (S, γ) and (S 0 , γ 0 ) are isomorphic as complex pinor bundles. ) denotes the category of real pinor bundles of type η R and based morphisms of such (see [3] ). When p − q ≡ 8 3, 4, 6, 7, this restricts to a functor which maps elementary complex pinor bundles to elementary real pinor bundles. Since this restricted functor is determined on fibers, the results of Subsection 4.3 imply that it is faithful but not full. The restricted functor need not be essentially surjective since a real elementary pinor bundle need not admit a globally-defined complex structure which is a section of its Schur sub-bundle. However, we have:
Proposition 5.25. Assume that p − q ≡ 8 3, 7 and that M is orientable. Then R restricts to a strictly surjective functor from the groupoid of elementary complex pinor bundles defined on (M, g) to the groupoid of elementary real pinor bundles defined on (M, g).
Proof. Let ν ∈ Ω(M ) be the volume form of (M, g) determined by some fixed orientation of M . Let (Σ, ρ) be an elementary real pinor bundle on (M, g). Since p − q ≡ 8 3, 7, the endomorphism J def.
= γ(ν) ∈ Γ(M, End(S)) is a globally-defined complex structure on S which is a section of the Schur bundle of Σ (see [6] ). Thus J p lies in the commutant of the image of the real Clifford representation ρ p : Cl(T * p M, g * p ) → End R (Σ p ) for any p ∈ M . This implies that (Σ, ρ) is the realification of the elementary complex pinor bundle obtained by endowing Σ with the complex structure J.
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